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1. INTRODUCTION

The most important contribution to jet noise studies is due to Lighthill [1, 2], who used the
basic fluid dynamic equations to derive the well-known Lighthill acoustic analogy. This
equation gives the sound pressure at a farfield point radiated by a localized unsteady source
or turbulent flow. Ribner [3] used the Lighthill acoustic analogy to arrive at a relation
between the mean-square pressure radiated by a jet plume into the far field as the integral
over the plume volume of quadrupole correlations. Ribner [4, 5] also showed the
importance of convection and refraction on the farfield jet noise. Several other
significant contributions to jet noise theory have been made by various researchers
and are summarized in the review papers by Ffowcs Williams [6, 7], Goldstein [8]
and Tam [9].

Mani et al. [10] used Ribner [3] and Ffowcs Williams’ [11] jet noise models in their
extensive studies on high-velocity jet noise. Good agreement was obtained between the
model and the experimental results for various nozzle geometries and flow regimes. More
recently, Frendi et al. [12] used a (k — ¢) turbulence model to compute the noise generated
by the X-33 linear aerospike engine. They used the Mani et al. [10] approach to arrive at
their results. Comparisons with experiments showed good agreement. Other computational
studies using the (k — ¢) turbulence model were carried out (for example references [ 13-15])
with varying degrees of success. Recently, Tam et al. [16] proposed a self-contained,
semi-empirical jet noise theory for the prediction of fine-scale turbulence noise from
high-speed jets. The theory uses jet flow turbulence information supplied by a (k — &)
turbulence model. In addition to the empirical constants found in the turbulence model,
three empirical constants were added in the proposed jet noise theory. Noise predictions
obtained from the new theory were in excellent agreement with measurements. The new
theory uses linearized Euler equations to determine the farfield acoustic pressure, which is
a departure from the widely used Lighthill acoustic analogy.

In all the above studies, a time and length scale is specified in the model. The most widely
used time scale is that proportional to k/e. In this paper, three different time scales
proportional to (6U/dn)~ !, k/e and k/Pr are tested. In addition, a new acoustic radiation
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Figure 1. Reference co-ordinate system: (a) non-axisymmetric engine and (b) axisymmetric engine.

model that accounts for both k/e and k/Pr is introduced. The various results are compared
to farfield acoustic measurements. This study is restricted to the mixing noise only and,
though important, no attempt is made at including the effects of heat sources and shocks. In
the next section, the mathematical model is derived, followed by the computational
methodology used. The various mean flow and acoustic radiation results are then discussed.
Finally, some concluding remarks are given.

2. MATHEMATICAL MODEL

The starting point of this model is the farfield approximation of the Lighthill acoustic
analogy, which can be written as

RiR; o*T;;
R = v Y 3 1
PR, 1) 4nCZR3 JV|: ot? ]d ¥ 1)

where T; is the Lighthill stress tensor given by

Ty = pvw; + tij + (1 — CZp)di;. )

In equation (2), the dominant term is the unsteady momentum flux pvw;, 7;; is the viscous
compression stress tensor, 7 the local pressure, p the density, C,, the ambient speed of
sound, v; the velocity, and ¢;; is the Kronecker symbol (=0 if i #j, =1 if i =j). The
notation “[ ]” in equation (1) denotes evaluation at the retarded time, 1 =t — R/C_. On
retaining the dominant term [17], i.e., pv;v;, Mani et al. [10] showed that the mean square

pressure ? radiated in the observer direction (R, 0) in polar co-ordinates (see Figure 1) can
be written as

P*(R,0,Q) = J P(ay + day, + 2a,, + 2a,.)d>r, ?3)

v
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where

1(92 2/C \2
In equation (4), I(€2) is the spectrum given by
1(Q) = ¢} p?k7? (Qro)te ~ V80", )

where € is the source frequency, which is related to the observed frequency by [10, 12]

Q =21 /(1 — M.cos 0)> + (c;k'1?/C,, )% (6)
M, is the convection Mach number
ML‘:%MJ’_CCM]. (7)

and M is the local Mach number with M; being the nozzle exit Mach number and (c,, ¢;)
empirical constants. In equation (5), ¢; is an empirical constant linked to the length scale

L= Clkl/ZTO (8)

with 7, being the characteristic time delay which determines the minimum significant
correlation in a moving reference frame.

In equation (3), the directivity factors (ay, dyy, 4y, a,.) have different forms depending on
the location of the source, the velocity and temperature profiles in the vicinity of the source.
These factors depend explicitly on a shielding function g? that has the form

_ (1 —=Mcos0)*(C,/C)* — cos? 0

g°() (1 — M, cos 0)*

©)

Depending on the location and the shape of the profiles (i.e., velocity and temperature), the
function g* may have both positive and negative regions in space. When a negative region
exists, fluid shielding of the source is possible. The directivity factors are given by

cos*0 gécos?0
4ﬂxxa Axy = —ﬁ (1oa:b)

o = (12 M, cos 0) ¥ T 51 = M,cos 02

ayy = %ggﬁyya ayz = %gg Byza (100,(1)
where g3 is the value of g2(r) at the source radius r =r,. The shielding coefficients
(Bxx> Bxy> Byy> By=) depend on the location of the source [10].

In equations (5) and (8), a characteristic time delay, t,, was introduced. The most widely
used value for this time scale is

(11)

o

To,e = C¢
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In this paper, two more time scales are considered,
oU\ !
To,u = <ctUa—> (12)
n

and

k
To.pr = Cfr E (13)

In equation (12), (0U/dn) is given by

ou oU\? oU\?
we ) (7)) 1

The production of the turbulent kinetic energy, Pr in equation (13) is written as

Pr= %[2(143c + 07 + W)+ (uy +ve)? + (0 + W)+ (We +u)? — 3(uy + o, +w.)?], (15)

where u, is the turbulent viscosity, and (u, v, w) are the plume velocity components in the
(x, y, z) directions respectively. In the extended version of the (k — &) turbulence model [18]
used in the current CFD computation, the source term in the dissipation rate equation is
given by

S, = p[C, Pr(e/k) — Cye(e/k) + Cs Pr(Pr/k)], (16)

which shows the presence of two time scales: k/¢ and k/Pr. Therefore, an acoustic model that
accounts for radiation from both time scales is proposed. This model determines the far field
mean-square-pressure as the average of the mean-square-pressure given by the individual
time scales following

p> =3[p? + p3l. (17)

where p_f and p_f,, are associated with 74, and 7, p, of equations (11) and (13) respectively.
The model defined by equation (17) is referred to as the “dual time-scale” model.

3. METHOD OF SOLUTION
3.1. MEAN FLOW COMPUTATION

In one computation, the Reynolds-averaged Navier-Stokes (RANS) equations are
integrated over a domain 2.5 times the length of the X-33 vehicle of 25 m. The main CFD
code used is known as FDNS [19]. The code uses a second order finite difference scheme to
discretize the diffusion fluxes and source terms of the governing equations. The convective
terms are discretized using a second order total-variation-diminishing difference scheme.
Details about the grid refinement techniques used and the treatment of the various
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boundary conditions and source terms can be found in reference [20]. An extended (k — &)
turbulence model is used to describe the turbulence. The second computation was carried
for a Mach 2, axisymmetric hot jet using the standard (k — ¢) turbulence model. The number
of points used in the streamwise and radial directions is 141 and 269 respectively.

3.2. ENGINE NOISE COMPUTATION

Using the CFD plume results, integration of equation (3) over the entire plume volume is
carried out. In the case of the X-33 engine plume, the geometry of the engine is not
axisymmetric, therefore integration must be carried out in all the three directions. This is
done by first integrating each cross-section (i.e., in the (y,z) directions), followed by
integration in the streamwise direction (i.e., x direction). In equation (7), the jet Mach
number, M, is needed to compute the convection Mach number, M. For the axisymmetric
case, it is taken to be 2; while for the non-axisymmetric case, it is obtained by averaging the
local Mach number, M, over the engine exit plane.

4. RESULTS AND DISCUSSIONS
4.1. MEAN FLOW RESULTS

The freestream parameters used in both computations are: density p,, = 1-2 kg/m?,
temperature T, = 300 K, Mach number M, = 0. Figure 2 shows the lateral average of the
non-dimensional turbulent kinetic energy profiles as a function of the non-dimensional
vertical distance at three different downstream locations for the X-33 engine plume.
The figure shows the asymmetry of the profiles caused by differences in geometry between
the upper and lower surfaces. Figure 3 shows the variation of the vertical average
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Figure 2. Non-dimensional vertical turbulent kinetic energy profiles at three downstream locations: ——,
nozzle exit (Om); ———-, 3-3m; -~~~ , 20 m (non-axisymmetric engine, X-33).
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Figure 3. Non-dimensional lateral turbulent kinetic energy profiles at three downstream locations: ——, nozzle
exit Om); —---,33m; -~ , 20 m (non-axisymmetric engine, X-33).
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Figure 4. Non-dimensional turbulent kinetic energy profiles at three downstream locations: ——, 1m; ——-—,
15m; -~ , 30 m (axisymmetric jet).

of the turbulent kinetic energy with the lateral distance at the same three downstream
locations and for the same engine. As expected, the profiles are symmetrical. For the
axisymmetric jet, Figure 4 shows the non-dimensional turbulent kinetic energy profile as
a function of the non-dimensional radial distance at three different downstream locations.
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A major difference between the turbulent kinetic energy profiles of the X-33 engine plume
and the axisymmetric jet is the presence of a single peak in the latter case and several peaks
in the X-33 case. The lateral and vertical directions (in the X-33 case) are
non-dimensionalized with the width and height of the engine, which are 2-24 and 1-07 m,
respectively; whereas the radial direction (in the axisymmetric case) is non-dimensionalized
by the jet diameter D = 1-0 m.

4.2. ENGINE NOISE RESULTS

The first task to be performed is to select the various empirical constants of the model
(¢ Cas 1, ¢, ¢, eP). For the X-33 engine plume, this is achieved by using a measured
spectrum in 1/3-octave frequency at a fixed observer location. Several measurements are
made on the ground at a radius of 90 m from the test stand and at various angular locations.
Because of the experimental set-up, the 90° location is chosen for calibration of the
empirical constants. Figure 5 shows a comparison between the measured and calculated
spectra using the various time scales. These results are obtained with the following set of
empirical constants: ¢, = 0-27, ¢, = 0-55, ¢/ = 008, ¢/ = 04, ¢* = 0-045 and ¢; = 1-13. The
measured overall sound pressure level (OASPL) at the 90° location is also used in choosing
the constants. The figure shows that the spectrum obtained using 7, , as the time scale gives
a poor agreement with the measurement at low frequencies. The calculated spectra using
To.v and 7o p, as time scales show a better agreement with the measured spectrum. Both
spectra obtained using these two time scales show the presence of a low- and
a high-frequency peak, which is in good agreement with the measurement. This is not the
case for the spectrum obtained using 7, , as the time scale. Among the three time scales used,
the best agreement is obtained using 7, p,.. When the farfield acoustic radiation is obtained
using both 74, and 74 p, (“dual time-scale” model) through equation (17), the agreement
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Figure 5. Comparison of the computed and measured spectrum at a farfield location 90 m from the test stand

and at 90° angle with the engine axis: ---—-, computed with 74 ,; ----+- , computed with 74 p,; computed with
To.v; ®, measured (non-axisymmetric engine, X-33).
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Figure 6. Comparison of the computed and measured spectrum at a farfield location 90 m from the test stand
and at 90° angle with the engine axis: ——, computed using equation (17); ®, measured (non-axisymmetric engine,
X-33).

Figure 7. Comparison of the computed and measured sound pressure level at various angular locations with
respect to the test stand: ®, measured; O, computed (non-axisymmetric engine, X-33).

between the measured and calculated spectrum is significantly improved as shown in
Figure 6. This better agreement is believed to be due to the fact that the turbulence model
used accounts for both these time scales in the source term of the dissipation rate equation
(16). Using the set of empirical constants given above, the overall sound pressure level at
various angular locations around the test stand is calculated and compared to the
measurements in Figure 7. The calculated results are in good agreement with the
measurements over most angular locations except near 180°, where a wall exists between
the engine plume and the microphone, which is not simulated in the computation.
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Figure 8. Relative contribution of the lateral and vertical engine directions to the total farfield engine noise
spectrum: ———-— , lateral direction; - , vertical direction; , total computed spectrum; @, total measured
spectrum.
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Figure 9. Comparison of the computed and measured spectrum at a farfield location 110 m from the engine exit
plane and at 73° angle with the engine axis: ——, computed using equation (17); ®, measured (axisymmetric jet).

Figure 8 shows the relative contribution of the lateral and vertical directions of the engine
plume to the calculated overall spectrum (the “dual time-scale” model is used in all the
calculations). The measured spectrum is also shown for completeness. The figure shows that
the vertical direction contributes the most to the overall spectrum. The contribution of the
lateral direction is significant only in the region between the high- and low-frequency peaks.
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Figure 10. Comparison of the computed and measured sound pressure level at various angular locations with
respect to the test stand: ®, measured; O, computed (axisymmetric jet).

For the axisymmetric jet, a new set of empirical constants is obtained using the same
approach as above, ¢, = 01492, ¢, = 055, ¢¥ = 0-04, ¢ = 0-03, ¢ = 0-07 and ¢, = 1-0. The
experimental data used are those obtained by Seiner [21]. Figure 9 shows a comparison
between a measured and computed spectrum at a radius of 110 m and an angle of 73° with
the axis of the jet. The dual time-scale model given by equation (17) is used to compute the
spectrum. Good agreement is obtained between the measured and computed spectrum as
the figure shows. The OASPL as a function of the angle with the jet axis (known as
directivity) is shown on Figure 10. The same empirical constants are used at all angles. The
figure shows reasonable agreement between the measured and computed directivity.

5. CONCLUDING REMARKS

A semi-empirical acoustic radiation model is derived from the Lighthill acoustic analogy
to study the noise radiated by an engine plume. Axisymmetric and non-axisymmetric
engines are considered. Various time scales are tested and the results show that a “dual
time-scale” model that accounts for radiation using 7, , and 7, p, as time scales, gives the
best agreement with the measurements. For the non-axisymmetric engine case, the widely
used 74, time scale gave a poor agreement with the measurement, whereas 7, p. and 7¢ y
performed better. An important conclusion of this study is the existence of a strong
relationship between the turbulence model being used and the acoustic radiation model. It
is therefore recommended that the choice of the time scale for the acoustic radiation model
be obtained from the turbulence model being used.
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